	Slope Between Two Points

	

		In this lesson, the slope of a line segment connecting two point will be measured and a general formula for finding the slope will be developed and used. 
The line segment shown below connects the points (1, 2) and (3, –2). As we look at this diagram from left to right, the segment slopes downward. We will define a negative number to describe the downward slope and how steeply this line segment slopes. To do this, we notice that the vertical distance (rise -- actually a "fall") between these points is -4 and the horizontal distance (run) is 2. A ratio of vertical to horizontal distances is [image: http://www.algebralab.org/img/22bc6220-370b-4756-845c-75e6400e8bec.gif]
[image: http://www.algebralab.org/img/90eab86a-846f-4157-9cad-78ea4411853c.gif]
We say that the slope of the segment connecting the points (1, 2) and (3, –2) is – 2. 

If a segment connects the point (1, 2) to the point (– 3, 0), we notice that from left to right, the segment slopes upward: the slope will be positive. We calculate the slope again, using the ratio of the vertical distance to the horizontal distance or [image: http://www.algebralab.org/img/c1f4c147-5f4c-41b6-9366-ab9b2c89fe49.gif]. 
[image: http://www.algebralab.org/img/b8973c04-fec0-4703-b1a8-fc9fe11b0e91.gif]
To summarize, the slope is a number which describes the change between two points. It is written as a ratio of the vertical to the horizontal distances between the points and can be found by calculating these distances and making a fraction referred to as [image: http://www.algebralab.org/img/8eee33fa-51a7-41fb-aeff-e1871fef047d.gif]. 
Generalized results about the slope between two points: 
The general formula for the slope between two points is slope = [image: http://www.algebralab.org/img/35706cff-01f5-44c4-b4eb-ef85baacf8b9.gif]. 
To find the vertical and horizontal distances between the two points, sometimes this can be seen by looking at the graph, but the vertical and horizontal distances between two points can always be found by subtracting the coordinates of the two points. 

We have rise = [image: http://www.algebralab.org/img/2a85cc83-9d1e-4d6a-9de0-d722dfc9c327.gif]and run = [image: http://www.algebralab.org/img/42e39498-eb91-44b9-8f6a-02fe22ee96c7.gif]giving us the vertical and horizontal distances when the coordinates of the two points are [image: http://www.algebralab.org/img/1b8e7b10-1ce2-496c-a154-45b8b281349f.gif]. 
Important facts to remember: 
1. If a line segment slopes upward from left to right, the slope is positive. 
2. If a line segment slopes downward from left to right, the slope is negative. 
3. If a line segment is horizontal, the slope is 0 (zero). 
4. If a line segment is vertical, the slope is undefined. 
Let's practice: 
i. What is the slope of the segment connecting the points (3, –4) and (–2, 6)? 
We calculate the [image: http://www.algebralab.org/img/b09eb2c6-9ec9-40cc-8435-fa6c0f981984.gif]. 
ii. What is the slope of the segment connecting the points (3, 7) and (1, 7)? 
We calculate the [image: http://www.algebralab.org/img/ad98ade4-83a4-4b15-a3bb-41bb4fd4a673.gif]. This line segment is horizontal. Any horizontal line has a slope of 0. 
iii. What is the slope of the segment connecting the points (4, 9) and (4, 3)? 
We calculate the  [image: http://www.algebralab.org/img/58edff94-4c8f-43b8-bbc2-1106d5335db9.gif]. This slope is undefined since the denominator is 0 and we cannot divide by zero. The line segment is vertical. For any vertical line, the slope is undefined.
iv. If the slope of a segment connecting the points (x, 5) and (2, -4) is 6, what is the value of x? 
We calculate the [image: http://www.algebralab.org/img/5a6f184b-82f8-46ad-a89a-ffcbd9997eef.gif]. 

We can solve this equation by multiplying both sides by 2 - x, yielding [image: http://www.algebralab.org/img/efeccb59-ff67-4eaf-bee9-23ef2cfbeb62.gif]. 

If [image: http://www.algebralab.org/img/8b373f4e-a0fb-4e2a-b77d-1111e46dcb31.gif], then -21 = -6x and [image: http://www.algebralab.org/img/3840a7f6-fa63-4835-96c5-2b3188739b27.gif]. 

		
Examples

	
	

	
		[image: Example]
	What is slope of the segment connecting the points (– 2, 7) and (4,6)?

	
	
	

	
	What is your answer?
 

	[image: http://www.algebralab.org/images/spacer35.gif]
	
	



	[image: Example]
	If the slope of the segment connecting the points (x, 3) and (9, 14) is 4, what is the value of x?

	
	
	

	
	What is your answer?
 

	[image: http://www.algebralab.org/images/spacer35.gif]
	
	



	[image: Example]
	If the slope of the segment connecting the points (x, 5) and (2, 9) is undefined, what is the value of x?

	
	
	

	
	What is your answer?
 

	[image: http://www.algebralab.org/images/spacer35.gif]
	
	




	








Using Slope and y-Intercept to Graph Lines (page 1 of 2)
Given two points (x1, y1) and (x2, y2), the formula for the slope of the straight line going through these two points is: 
[image: slope formula: m = [y1 - y2] / [x1 - x2]]
...where the subscripts merely indicate that you have a "first" point (whose coordinates are subscripted with a "1") and a "second" point (whose coordinates are subscripted with a "2"); that is, the subscripts indicate nothing more than the fact that you have two points to work with. Note that the point you pick as the "first" one is irrelevant; if you pick the other point to be "first", then you get the same value for the slope:
[image: m = (y2 - y1) / (x2 - x1)]
(If you're not sure that the two formulas above give exactly the same values, no matter the pair of points plugged into them, then pick some points and try them out. See what you get.)
The formula for slope is sometimes referred to as "rise over run", because the fraction consists of the "rise" (the change in y, going up or down) divided by the "run" (the change in x, going from left to the right). If you've ever done roofing, built a staircase, graded landscaping, or installed gutters or outflow piping, you've probably encountered this "rise over run" concept. The point is that slope tells you how much y is changing for every so much that x is changing. Pictures can be helpful, so let's look at the line y = ( 2/3 )x – 4; we'll compute the slope, and draw the line.
To find points from the line equation, we have to pick values for one of the variables, and then compute the corresponding value of the other variable. If, say, x = –3, then y = ( 2/3 )(–3) – 4 = –2 – 4 = –6, so the point (–3, –6) is on the line. If x = 0, then y = ( 2/3 )(0) – 4 = 0 – 4 = –4, so the point (0, –4) is on the line. Now that we have two points on the line, we can find the slope of that line from the slope formula:
[image: slope m = 2/3]
	  
Let's look at these two points on the graph:
Copyright © Elizabeth Stapel 1999-2009 All Rights Reserved
	  
	[image: plotted points, with line drawn through]
   

	   
In stair-stepping up from the first point to the second point, our "path" can be viewed as forming a right triangle:
	  
	[image: 'up two, over three']
   

	The distance between the y-values of the two points (that is, the height of the triangle) is the "y2 – y1" part of the slope formula. The distance between the x-values (that is, the length of the triangle) is the "x2 – x1" part of the slope formula. Note that the slope is 2/3, or "two over three". To go from the first point to the second, we went "two up and three over". This relationship between the slope of a line and pairs of points on that line is always true.

	   
[bookmark: first]To get to the "next" point, we can go up another two (to y = –2), and over to the right another three (to x = 3):
 
With these three points, we can graph the line y = ( 2/3 )x – 4.
	  
	[image: another 'up two, over three']


(If you're not sure of that last point, then put 3 in for x, and verify that you get –2 for y.)

Let's try another line equation: y = –2x + 3. We've learned that the number on x is the slope, so m 
= –2 for this line. If, say, x = 0, then y = –2(0) + 3 = 0 + 3 = 3. Then the point (0, 3) is on the line. With this information, we can find more points on the line. First, though, you might want to convert the slope value to fractional form, so you can more easily do the "up and over" thing. Any number is a fraction if you put it over "1", so, in this case, it is more useful to say that the slope is m =  –2/1. That means that we will be going "down two and over one" for each new point.
	  
We'll start at the point we found above, and then go down two and over one to get to the next point:
	  
	[image: 'down two, over one']
   

	[bookmark: second]   
Go down another two, and over another one, to get to the "next" point on y = –2x + 3:
	  
	[image: another 'down two, over one']


Then the point (2, –1) is also on this line; with three points, we can graph the line.
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Using Slope and y-Intercept to Graph Lines (page 2 of 2)
Given a point on the line, you can use the slope to get to the "next" point by counting "so many up or down, and then so many over to the right". But how do you find your first point? Take a look back at the graph of the first line and its equation: y = ( 2/3 )x – 4 crossed the y-axis at y = –4, so the equation gave us the y-intercept. The second line did too: the graph of y = –2x + 3 crossed the y-axis at y = 3. This relationship always holds true: in y = mx + b, "b" gives the y-intercept, and "m" is the slope. We can use this fact to easily graph straight lines:
· Graph the equation y = ( 3/5 ) x – 2 from the slope and y-intercept. 
From the equation, I know that the slope is m = 3/5, and that the line crosses the y-axis at
y = –2. Copyright © Elizabeth Stapel 2006-2008 All Rights Reserved
	   
I'll start by plotting this first point:
	  
	[image: y-intercept at y = -2]
   

	   
From this point, I go up three and over five:
	  
	[image: 'up two and over three' to get the second point]
   

	   
Then I go up another three and over another five to get my third point:
	  
	[image: another 'up three and over five' to get the third point]
   

	  
With three points, I can draw my line:
	  
	[image: graph of y = (3/5)x - 2]


As a stylistic note, you should probably pencil in the "up and over", if you are using this technique for graphing your straight line. That way, your instructor will know where your points came from. Also, if you are going to graph this way (instead of doing a T-chart of points), you will need to do your graph very neatly. If your scale on your axis is at all inconsistent or if your axes are at all crooked, this method will not work!


Top of Form
[bookmark: anchor_0]Problem: 1 
Plot the points (–3, –2) and (7, 1) and draw a line through them. Is the slope of the line positive, negative, zero, or undefined? Explain without calculating.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_1]Problem: 3 
Plot the points (5, –2) and (1, 6) and draw a line through them. Is the slope of the line positive, negative, zero, or undefined? Explain without calculating.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_2]Problem: 5 
Plot the points (5, 2) and (5, 5) and draw a line through them. Is the slope of the line positive, negative, zero, or undefined? Explain without calculating.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_3]Problem: 7 
Plot the points (4, 3) and (–2, –1). Draw the line passing through both these points. Then find the slope using the rise and run.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_4]Problem: 9 
Plot the points (–4, 3) and (1, 5). Draw the line passing through both these points. Then find the slope using the rise and run. 
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_5]Problem: 11 
Find the slope.
[image: http://hotmath.com/help/solutions/genericalg1/2/4/GraphingLinearEquations/genericalg1_2_4_GraphingLinearEquations_11_115/f-233-19-ex-q.gif]
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_6]Problem: 13 
Find the slope.
[image: http://hotmath.com/help/solutions/genericalg1/2/4/GraphingLinearEquations/genericalg1_2_4_GraphingLinearEquations_13_115/f-233-21-ex-q.gif]
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_7]Problem: 15 
Find the slope of the line passing through the points (1, 2) and (9, 4).
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_8]Problem: 17 
Determine the slope of the line with equation y = 6x + 1. Specify if the line has no slope.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_9]Problem: 19 
Determine the slope of the line with equation y = 9 – 3x. Specify if the line has no slope.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_10]Problem: 21 
Determine the slope of the line with equation 5x + 4y = 20. Specify if the line has no slope.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_11]Problem: 23 
Determine the slope of the line with equation 2x – 3y =15. Specify if the line has no slope.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_12]Problem: 25 
Determine the slope of the line with equation y = 5. Specify if the line has no slope.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_13]Problem: 27 
Write the slope of the line.
What do you think of when you hear the term, slope? Do you think of a skier, skiing down a large mountain?
Or, maybe you think of the sliding board at the playground.
Whatever you are thinking, it's probably something that's on an incline! When we study slope in Algebra we are going to study the incline and other characteristics of a line on a graph.

Slope is a very important concept to understand in Algebra. Therefore, I've created three different lessons to help you gain a full understanding.
We will start here with defining and calculating slope by analyzing a graph. Then we will move on to graphing slope and finally to using slope intercept form to create your graph.
Start here from the beginning, or move onto the concept of slope that you need help with!




What is Slope in Algebra?

Slope is used very often in Mathematics. It can be used to actually find how steep a particular line is, or it can be used to show how much something has changed over time. We calculate slope by using the following definition.
In Algebra, slope is defined as the rise over the run. This is written as a fraction like this: 

[image: rise over run]



Rules for Calculating the Slope of a Line
  Find two points on the line. 
  Count the rise (How many units do you count up or down to get from one point to the next?) Record this number as your numerator. 
  Count the run (How many units do you count left or right to get to the point?) Record this number as your denominator. 
  Simplify your fraction if possible. 
IMPORTANT NOTE:
  If you count up or right your number is positive. 
  If you count down or left your number is negative. 

Let's look at an example:


Example 1
[image: calculating slope]



Example 2
[image: calculating slope]


Your turn to practice calculating slope!
Remember, choose two points and calculate your rise over run! Don't forget to look for negative slopes: If you count down or left!




[image: http://www.algebra-class.com/images/Practice-problem-smaller.gif]
Your Turn to Calculate Slope!

[image: calculating slope practice]
[image: calculating slope practice]
[image: calculating slope practice]
[image: calculating slope practice]
[image: calculating slope practice]





Answer Key for Calculating Slope

1. The slope of the line is 1/4.
2. The slope of the line is 1/3.
3. The slope of the line is -2/3
4. The slope of the line is -2.
5. The slope of the line is -1.




Great Job! Just remember that slope is a fraction: rise/run. Calculate your rise and then your run! If your rise is downhill it is negative. If your run is to the left it is also negative!
You can choose any two points on the line to calculate your slope! The slope is constant throughout the whole line.
Now you are ready to move onto Graphing Slope!

[image: http://hotmath.com/help/solutions/genericalg1/2/4/GraphingLinearEquations/genericalg1_2_4_GraphingLinearEquations_27_115/f-321-1-pr-q.gif]
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_14]Problem: 29 
Graph the line containing the points (–5, 3) and (6, –4) and compute its slope.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_15]Problem: 31 
Graph the line containing the points (–3, 7) and (5, 0) and compute its slope.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_16]Problem: 33 
Graph the line containing the points (0, 6) and (–5, –4) and compute its slope.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_17]Problem: 35 
Compute x, if the slope of the line containing the points (6, 2) and (x, 8) is 3.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_18]Problem: 37 
Compute y, if the slope of the line containing the points (–5, y) and (3, 5y) is 9.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_19]Problem: 39 
A jet airplane climbs 19.6 ft for every 40 ft it moves horizontally.
Find the slope of the line as a percent.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]

[bookmark: anchor_20]Problem: 41 
A line contains points (a, –b) and (b, –a) where a [image: http://hotmath.com/images/specialchars/ne.gif]b. Find the slope.
[image: http://hotmath.com/images/trifco/view_solution-88x18.gif]
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image37.gif
Thisis the graph for the equation y=2x -3

The slope for this equation is 2.

1. Ifirst chosetwo points onthe line. | labeled my
points 1 and 2 in the diagram. You can choose
anytwo points, it doesn't matter!

2. Istarted from number 1 and counted my rise.
Since | counted up 2 units, my numeratoris 2

e

3. Then I counted 1 unitto the right until I reached
pointnumber 2. Therefore, my denominator
is1

2
1

4. Then | simplified: 2/1 =2

**Note: Since | counted up and right both numbers
remained positive!
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Thisis the graph for the equation y= -2/3x +1

rise

The slope for this equation is -2/3.

1. First | chose two points on theline. |1abeled my
points 1 and2

2. I started from point1 and counted down 2 units.
Since | counted down formy rise, my numerator is
goingto be negative.

3. Then | countedmy run. | counted over to the right 3
units until I reached my 2° point. Since | countedc
the right, my denominatoris positive.

-2
3

4. “*Note: My slopeis negative because the
numeratoris negative. (Negative divided by
positive is negativel)

If you had started with a lower pointand
counted up 2 units andthen left 3 units, the
slope would still be negative because you
wouldhave 21-3. Positive divided by negative
makes the whole slope negative!
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Calculate the slope for the following graphs!
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