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 TC  "" \l 1 8.2 Use Exponential Functions

 EQ \x(A)   Explore some special exponential functions.

 EQ \x(B)   Fit exponential functions to data.

 EQ \x(A)   Explore some special exponential functions.

In Section 8.1, we saw that functions such as  f(x) = 0.1x, f(x) =

, and f(x) = 0.8x are examples of exponential decay functions.  It is helpful to know that they can be written in a different form.

Example 1.  Comparing two forms of decay functions

Given two functions:  f(x) = 


g(x)  = 2-x  
(i)  
Compute a table of values of f(x) and g(x) for the input values -4, -3, -2, -1, 0, 1, 2, 3 and 4.

(ii)  
Graph each function, using a graphics calculator.

(iii)
What conclusion do you draw about f and g?  

Solution

(i)
Evaluate f and g when x = -4:










Repeating the process for the other values of x gives the following table:

   x
-4 
-3
-2
-1
0
1
2
3
4


f(x) = 


16
8
4
2
1












g(x) = 2-x
16
8
4
2
1












(ii)  
Their calculator graphs are drawn in Figures 1 and 2.
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Figure 1.  Graph of y1 = 


	[image: image2.wmf]
Figure 2.  Graph of y2 = 2-x


(iii)
The two functions represent the same function.


––––––––®
In general, the exponential decay function 

, where 0 < b < 1, can also be expressed as f(x) = a-x, a > 1.  To see how, first note that if we let 

, then since 
0 < b < 1, we have 0 < 

 < 1, so a > 1.  

	



	Exponential decay function
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.

Definition of negative power

Power rule


Therefore, the exponential decay function may also be defined as





, where a > 1.  

We get some very interesting curves when we combine exponential functions with  rational functions.  Let’s explore an example.

Example 2.  Graphing 


Graph 

 using a graphics calculator, and describe its behavior.

Solution

We begin by graphing 

 with a decimal window.  The graph is shown in Figure 3.  

[image: image3.wmf]
Figure 3.  Graph of 

.

By tracing, we can determine that the y-values seem to range between 0 and 1.  What about the domain?  We know that 2-x is defined for all real numbers, and 1 + 2-x is never 0 for any value of x (since 2-x is never -1).  Therefore, the domain of f is 

.

Figure 4 shows the graph of 

 using various window sizes.
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Figure 4.  Graph of 

 with different sizes of xmin and xmax
The graph rises sharply when x is in the interval (-2, 2).  For x < -5, the y-values are nearly equal to zero.  For x > 5, the y-values are nearly equal to one.  The horizontal asymptotes of the graph are the lines y = 0 (the x-axis) and y = 1.
 
––––––––®
Graphs that first grow sharply, then taper off, such as the graph of 

 from Example 2
, are called logistic curves.  They are used, for example, to model the percentage of ownership of a color TV over time or the probability of getting coronary heart disease based on a person's systolic blood pressure.

 EQ \x(B)   Fit exponential functions to data.

Exponential functions are useful in modeling growth and decay of bacteria or other biological processes, as well as the decay of radioactive material in nuclear medicine.  In business, exponential functions are useful in computing the present and future value of money.  For describing such situations, we use exponential function of the form


f(x) = a·bx, a > 0 and b > 1 
for growth models,

and


f(x) = a·bx, a > 0 and 0 < b < 1

or
f(x) = a·b-x, a > 0 and b > 1
for decay models.

Let's look at an example from business.  As an automobile gets older, it generally loses value -- called depreciation.  We can model this downward trend with an exponential function.

Example 3.  Fitting a function to data

Suppose an automobile depreciates according to the following table:

year
1990
1992
1994
1996

value
$12,000
$7,100
$4,200
$2,490

Find an exponential function that fits the data represented in the table.  Check.

Solution

Let x denote number of years since purchase and y denote the value of the automobile.  The table becomes:

  x
0
2
4
6

  y
$12,000
$7,100
$4,200
$2,490

Plotting the points represented in the table gives us an idea of what function to use as a model.  See Figure 5.

[image: image7.wmf]
Figure 5.  Plot of points representing 
depreciation of a car

Since the y-values are decreasing as the x-values are increasing, we use the exponential decay model


f(x) = a·b-x,  a > 0 and b > 1.

Use the first data point, (0, 12000), to determine the value of a.


f(0) 
= 12,000





 
= 12,000
f(0) = 

.


a 
= 12,000
b- 0 = 1.

So the model so far is f(x) = 12,000 b-x.  To find the value of b, use the last data point, (6, 2490).


f(6) 
= 2,490


12,000·b-6
= 2,490
f(6) = 12,000·b-6







12,000
= 2,490 b6
Multiply by b6, the LCD.
	



	Use nth root method.


Choose 1.30 (rounded to two decimal places) for b, since b must be greater than 1.  The exponential decay function that models the given depreciation data is 

f(x) = 12,000 (1.30)-x.

Check the model by graphing y = 12000(1.3)-x.  Trace the graph to verify that the data points are on or near the curve, as shown in Figure 6.

[image: image8.wmf]
Figure 6.  Graph of f(x) = 12000(1.3)-x
    
––––––––®
Technical Note:   Exponential Regression
Some calculators can determine an exponential function that "fits" a given set of data -- the process is called exponential regression -- so solving equations is eliminated.  Figure 7 shows the result of executing an exponential regression command for the data in Example 3
.  

[image: image9.wmf]
Figure 7.  Exponential regression 
of the data in Example 3

The value for a is close to our computed value of 12,000.  The value for b is different, because we used the form y = a·b-x, not y = a·bx.  But (1.30)-x is nearly equal to (.7694001422)x since 


(1.30)-x 
= [(1.30)-1]x


≈ (0.769)x.

The correlation coefficient r is nearly -1, indicating that the given exponential function (equivalent to the exponential function we found in Example 3)
, fits the data well.

Let's use the car depreciation model, f(x) = 12,000 (1.3)-x, to extract some information. 

Example 4.  Using the exponential  formula

The function f(x) = 12000(1.3)-x gives a relationship between the number of years, x, after a car purchase and its value, f(x), at that time. 

(i) 
If the car was purchased in 1990, what is the value of the car in the year 2000?  Check.

(ii) 
Use the graph of f to determine when (to the nearest year) the car is worth $1,000  

Solution

(i)
The year 2000 is 10 years after 1990, so to find the value of the car in the year 2000, evaluate the function at x = 10: 


f(10)
= 12000(1.3)-10


≈ 870.46. 

In the year 2000 the car is worth about $870.46.

Check by graphing f(x) = 12000(1.3)-x, and tracing to 10 for the x-coordinate, as shown in Figure 8.

[image: image10.wmf]
Figure 8.  Value of the car in the year 2000

(ii) 
To determine when the car is worth $1,000, trace the curve and approximate the x-coordinate of a point whose y-coordinate is about 1000.  This occurs when x is approximately 9, or in the year 1999.  See Figure 9.  

[image: image11.wmf]
Figure 9.  The car is worth about
$1,000 at 9 years.

 
––––––––®
Technical Note:  Using Last Entry 
Consider Example 4
 again.  We can get an approximate year when the car is worth $1,000 without using a graph, but by editing an evaluation.  To do so, enter 12000 (1.3)-x, using 0 for x at first, on the computation screen.  Then recall the last entry and change the value of x to 1.  The car is worth about $9,230.77 after one year.  See Figure 10.

[image: image12.wmf]
Figure 10.  Determining when the value 
of the car depreciates to $1,000

Repeat the process, until the value is near $1,000.  See Figure 11.

[image: image13.wmf]
Figure 11.  When x is 9, the value 
of the car is near $1,000.

Exercises 8.2

 EQ \x(A)   Explore some special exponential functions.

Exercises 1 - 2. Given the following two exponential functions f(x) and g(x): 

(i)  
Compute a table of values of f(x) and g(x) for the input values -4, -3, -2, -1, 0, 1, 2, 3 and 4.

(ii) 
Graph each function.

(iii)
What conclusion do you draw about f and g?
	1.
 f(x) = 

   g(x)  = 4-x
	2.
 f(x) = (0.2)x   g(x) = 5-x


3.
What situation could be modeled by an exponential decay function?  Sketch an appropriately labeled graph to illustrate your answer.

4.
What situation could be modeled by a logistic curve?  Sketch an appropriately labeled graph to illustrate your answer.

5.
The function 

 describes the population (in thousands) of gypsy moth caterpillars in May in a forest under an insecticide spraying program, where t denotes time in years.  


(i)
How else can the function be defined?


(ii)
How many caterpillars are in the forest when the spraying program begins?


(iii)
After how many years will the caterpillars be essentially eliminated?

6.
The function 

 represents the amount of radioactive isotope (in grams) in an object after time t (in years).


(i)
How else can the function be defined?


(ii)
How much radioactive isotope does the object contain initially?


(iii)
In how many years (to the nearest tenth of a year) will there be 10 grams of radioactive isotope?

Exercises 7 - 8.  Given two functions f and g:

(i)
Using a graphics calculator, graph each function.

(ii)
Determine the domain and range of each function.

(iii)
Compare the graphs and describe their behavior.

	7.




	8.





	




	





 EQ \x(B)   Fit exponential functions to data. 

Exercise 9 - 12.  Match the exponential function with its graph.

	9.
f(x) = 2 · 3x


	10. 
f(x) = -2 · 3x



	11.
f(x) = -2 · 3-x


	12.
f(x) = 2 · 3-x

	(a)


[image: image14.wmf]
	(b)


[image: image15.wmf]

	(c)


[image: image16.wmf]
	(d)


[image: image17.wmf]


Exercise 13 - 16.  Find the exponential function of the form


f(x) = a·bx, b > 1,  for growth models, or


f(x) = a·b-x,  b > 1 or a·bx, 0 < b < 1, for decay models,
that fits the data displayed in the table.

	13.
x
-1
0
2

y



5
45


	14. 
x
-1
0
2

y
0.6
3
75



	15.
x
-2
0
1

y
32
2
0.5


	16.
x
-2
0
1

y
20
5
2.5




17.
Suppose an automobile depreciates according to the following table.

year
1994
1996
1998
2000

value
$16,000
$6,250
$2,440
$955


(i)
Find an exponential function that fits the data represented in the table.  Use t = 0 for the year 1994.


(ii)
What is the value of the automobile in the year 2010?


(iii)
You can afford to buy the car when the price is $500.  Approximately what year would that be?

18.
Suppose your house appreciates according to the following table.

year
1995
2000
2005
2010

value
$70,000
$77,300
$85,300
$94,200


(i) 
Find an exponential function that fits the data represented in the table.  Use t = 0 for the year 1995.


(ii)
Assuming the house continues to appreciate at the same rate, what is the value of the house in the year 2040?


(iii) 
You want to sell the house when the price is $200,000.  Approximately what year would that be?

• Comprehensive and Continuation Exercises

19.
Given the three exponential functions:  y1 = 3x, y2 = 3x + 2, and y3 = 3x – 5:


(i) 
Use a graphics calculator to graph each function.


(ii)
Compare the graph of y1 with the graphs of y2 and y3.  Describe the changing positions of the graphs of y = bx + h relative to the graph of y1, as the value of h varies.

20.
Given three exponential functions:  y1 = 3x, y2 = 3x + 2, and y3 = 3x – 5:


(i) 
Use a graphics calculator to graph each function.


(ii) 
Compare the graph of y1 with the graphs of y2 and y3.  Describe the changing positions of y = bx + k  relative to the position of y1, as the value of k varies.

Exercise 21 - 24.  Match the exponential function with its graph (a), (b), (c), or (d).

	21.
f(x) = 3x + 2

	22. 
g(x) = 3x - 2


	23.
h(x) = 3x + 2

	24.
j(x) = 3x – 2

	(a)


[image: image18.wmf]
	(b)


[image: image19.wmf]

	(c)


[image: image20.wmf]
	(d)


[image: image21.wmf]


25.
Find a function whose graph is the graph of f(x) = 3 · 5x reflected across the x‑axis.

26.  
Find a function whose graph is the graph of f(x) = 3 · 5x reflected across the y‑axis.

27.
Given the four functions f1(x) = 4x,  f2(x) = 22x, f3(x) = 

,  and f4(x) = 

, determine the relationship between thm.  Use the rules of exponents to justify your result algebraically.

28.
Graph f1(x) = 2x  and f2(x) = 

 on the same coordinate.  How are the two graphs related to each other?  Use the fact that 

 to explain the relationship.
29.
Graph f1(x) = 2x  and f2(x) = 2-x on the same coordinate, parametrically, using 

[image: image22.wmf].


Trace, and toggle between the two curves.  Describe the relationship between the two traced points on the graphs of f1 and f2.  What conclusion do you draw?

30.
Consider the function z(x) = 0x.  Trace its graph.  Explain why there are no points graphed for x ≤ 0. 

�Explain the process of the equivalency:





0 < 1/a < 1   and a > 1.


�


�Try first to fit the data with a linear function and then with a quadratic function.


�It is better to use the last point, rather than the second or third, because we want to extrapolate.


�This could be written as: 


  f(x) = 12000/1.3^x


or


  f(x) = 12000(1/1.3)^x 


        = 12000(0.7690)^x


�


�


�
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