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1 Introduction

There is no body of work in the journals on how to choose exercises for problem

sets. There may be a complete exposition of proprietary processes in internal

documents at textbook publishers, but we will never see them.

Hypothesis: If we apply intelligence, creativity, and technology to choosing

exercises for problem sets, students will learn the material more effectively and

student mastery and performance will improve.

Is there evidence to support the hypothesis? No. Has it been tested? No.

Does it seem plausible enough that it should be developed and tested?

I have developed a model for how to use the skills of a curriculum designer,

mathematician, and computer programmer to find “ideal” sets of exercises.

What we mean by “ideal” is an iterative process: Deciding what we want, seeing

whether it exists, then adjusting what we want. The mathematician and pro-

grammer find the most efficient way to determine whether what the curriculum

designer wants actually exists.

This paper gives an example of how the three people (or the same person

wearing different hats) can work together to choose a set of three exercises in

addition of rational expressions.

To make full use of the power of pronouns in the English language, I will

take the liberty of referring to the curriculum designer as “she” and the math-

ematician/programmer as “he.” Hope you won’t be offended.
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2 The Exercise

Consider the following exercise.

x− 5

x2 − 9x + 18
− 4

x2 − 9

x− 5

(x− 6)(x− 3)
− 4

(x + 3)(x− 3)

x+3
x+3 ·

x− 5

(x− 6)(x− 3)
− 4

(x + 3)(x− 3)
· x−6
x−6

(x2 − 2x− 15)− (4x− 24)

(x− 6)(x + 3)(x− 3)

x2 − 2x− 15− 4x + 24

(x− 6)(x + 3)(x− 3)

x2 − 6x + 9

(x− 6)(x + 3)(x− 3)

(x− 3)2

(x− 6)(x + 3)(x− 3)

x− 3

(x− 6)(x + 3)

x− 3

x2 − 3x− 18

Not only does the student practice fraction-addition skills (finding the least

common denominator, reducing the sum), but also factoring monic quadratics

(three times), distributing a binomial over a binomial (twice), distributing a

negative integer over a binomial (once), and lots of arithmetic of integers.

Note that, in factoring quadratics, one was a difference of squares (x2 − 9)

and another a perfect square (x2 − 6x + 9).
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3 Factoring

Let’s say a curriculum designer wants to use exercises like this one to not only

practice adding rational functions but also to review factoring of monic quadrat-

ics. She lists nine types of monic quadratic factoring problems with examples

(a, b > 0):

x2 − a2 x2 − 9 = (x− 3)(x + 3)
x2 − 2ax + a2 x2 − 6x + 9 = (x− 3)2

x2 + 2ax + a2 x2 + 6x + 9 = (x + 3)2

x2 − ax + b x2 − 5x + 6 = (x− 2)(x− 3)
x2 − ax− b x2 − 5x− 6 = (x + 1)(x− 6)
x2 + ax + b x2 + 5x + 6 = (x + 2)(x + 3)
x2 + ax− b x2 + 5x− 6 = (x− 1)(x + 6)
x2 − ax x2 − 3x = x(x− 3)
x2 + ax x2 + 3x = x(x + 3)

and decides she wants the student to practice the first type (difference of squares)

twice, the next six types at least once, and either of the last two types once, for

a total of nine instances of factoring monic quadratics. Each rational-addition

exercise practices factoring three times. Is there a set of three such exercises

that will give exactly the specified factoring practice?
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4 Number Theory

First, the curriculum designer asks the mathematician whether there are any

restrictions on the combination of factoring practice in one exercise, and the

answer is yes. Consider, the mathematician tells her, the exercise
11

14
− 3

35
.

11

14
− 3

35
=

11

2 · 7
− 3

5 · 7
= 5

5 ·
11

2 · 7
− 3

5 · 7
· 22 =

55− 6

2 · 5 · 7
=

49

2 · 5 · 7
=

7 · 7
2 · 5 · 7

=
7

2 · 5
=

7

10

The gcd of the denominators, 7, has nothing to do with finding the numera-

tor, 5 · 11− 2 · 3 = 55− 6 = 49. The term 5 · 11 is a multiple of 5, and the term

2 · 3 is not, therefore the sum 5 · 11− 2 · 3 will not be divisible by 5; similarly, it

will not be divisible by 2, 3, or 11. If the sum is to reduce, it can only reduce

by 7. More generally, it can only reduce by factors of the gcd, 7, that are not

factors of the other elements of the denominators, 2 and 5.

So if a sum of ratios of polynomials is to reduce, if the gcd of the denom-

inators is x ± a, neither of the denominators can be (x ± a)2, so if there is to

be a square, it has to be the sum of the numerators. If you want both (x− a)2

and (x + a)2, then you have chosen the type for two of your three numerators.

Otherwise, there is no mathematical restriction on the combinations you seek,

and the set you want may actually exist.

[Insert allusion to either Tennyson’s Idylls of the King or Cervantes’s Don

Quixote about a quest.]
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5 Abstracting the Exercise

Next, the curriculum designer goes to the programmer, who doesn’t want to hear

about fraction addition or factoring, but just arrays of integers. “Describe an

exercise to me as an array of coefficients and integers that specify classifications,”

he says. So the curriculum designer abstracts the exercise.

x− a

x2 − (c + e)x + ce
− b

x2 − (d + e)x + de

x− a

(x− c)(x− e)
− b

(x− d)(x− e)

x−d
x−d ·

x− a

(x− c)(x− e)
− b

(x− d)(x− e)
· x−c
x−c

(x− a)(x− d)− b(x− c)

(x− c)(x− d)(x− e)

(x2 − (a + d)x + ad)− (bx− c)

(x− c)(x− d)(x− e)

x2 − (a + b + d)x + (ad + c)

(x− c)(x− d)(x− e)

If x−e is a factor of the numerator, then e is a root of x2− (a+ b+d)x+

(ad+c), so e2−(a+b+d)e+(ad+c) = 0, and x2−(a+b+d)x+(ad+c) factors

into (x− e)

(
x− ad + c

e

)
. Let f = (ad + c)/e so the numerator becomes

(x− e)(x− f).
(x− e)(x− f)

(x− c)(x− d)(x− e)

x− f

(x− c)(x− d)

x− f

x2 − (c + d)x + cd

If we have an array A, then A[0] = a, A[1] = b, . . . , A[5] = f ,

A[6] is the classification of the type of factoring of x2 − (c + e)x + ce,

A[7] of x2 − (d + e)x + de, and A[8] of x2 − (e + f)x + fe, so the example,

x− 5

x2 − 9x + 18
− 4

x2 − 9
=

x− 5

(x− 6)(x− 3)
− 4

(x + 3)(x− 3)
=

x2 − 6x + 9

(x− 6)(x + 3)(x− 3)
,

with x2 − 9x + 18 of type 4, x2 − 9 of type 1, and x2 − 6x + 9 of type 2,

gives the array A = {5, 4, 6,−3, 3, 3, 4, 1, 2}
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6 List of “Good” Exercises

Next, the programmer makes a list of “good” exercises, and asks the curriculum

developer for specificiations on a, b, c, d, e and f that will make “good” exercises.

We already have e2− (a+ b+d)e+ (ad+ c) = 0. In order that the first fraction

not reduce, we need a 6= c and a 6= e; that x−e be the gcd of the denominators,

we need c 6= d.

The curriculum developer decides to make all multiplication and factor-

ing happen within the multiplication table through 10, so let a, b, c, d, e, f ∈
[−10, 10]. Also, let’s make a 6= 0 and e 6= 0. She wants the distributing to be

interesting, so don’t let |b| < 2. Also, she doesn’t want the student to have to

factor x2−2x+24 = (x−6)(x+4), because she expects the student to consider

all of the ways to factor 24, including 2 · 12, which is outside the multiplication

range, so require c · e, d · e, and e · f to have all of their proper factors in [2, 10].

[Note: I will respect the suggestion that these requirements are unnecessarily

restrictive for some students.]

The programmer writes a little program, mostly for() loops and if() state-

ments, to run through the coefficients and create an array of “good” exercises.

He finds that there are 4312 such exercises.
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7 Sets of Exercises

To find the sets, the programmer searches the
(
4312
3

)
≈ 1010 combinations. “Do

any such sets exist?,” the curriculum designer asks. “Actually,” he replies,

“there are 47,908 of them. Do you want to be more particular about your

requirements?”

The curriculum designer decides to make sure there is a variety of distribut-

ing positive and negative integers, particularly in the −b(x− c). She wants one

with distributing a positive integer (b < 0), one with distributing a negative

over two positives (b > 0, c < 0), and one with distributing a negative over a

postive and a negative (b > 0, c > 0). The programmer makes another array

element A[9] taking corresponding values 0, 1, and 2, selecting only sets with

one of each. The example exercise, which has distributing −4(x − 6), picks up

A[9] = 2, so now A = {5, 4, 6,−3, 3, 3, 4, 1, 2, 2}
“We’re now down to 8584 sets,” says the programmer. “What else do you

want? It’s Christmas, and I’m Santa Claus. Make a list!”

The curriculum designer wants the x(x−a) or x(x+a) factoring to occur in

the numerator, not the denominator, so specify f = 0 in one exercise. Students

often panic when the constant term cancels, suddenly making the factoring

unexpectedly easy. She wants the student to have this experience dealing with

the unexpected.
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8 Combinatorics

At this point, the mathematician pokes his head in the door. If we want one

numerator x(x±a), one numerator (x−a)2, and one (x+a)2, he points out, we

can cut our list of 4312 exercises down to just those that satisfy these criteria.

There are 338 with f = 0, and 88 each with the square of a difference or

sum, cutting 4312 to 514. Furthermore, we don’t have to search
(
514
3

)
≈ 107

combinations. Since we know we want exactly one from each category, we can

search 338·88·88 ≈ 106. In fact, before when we were checking
(
4312
3

)
≈ 1010 sets,

we could have divided the exercises into three sets, one whose numerator was a

square of a difference (88 exercises), one square of a sum (88 exercises), and all of

the others (4136 exercises), and chosen one from each, giving 88 ·88 ·4136 ≈ 107

combinations.

The programmer thinks about the time savings, being able search the com-

binations in a thousandth the time, but decides that since we’re only talking

about times up to a minute, not hours, days, or months, the processor time

savings is not worth the extra effort at programming. If we were searching

for ten or twenty such exercises, however, the number of combinations to be

checked,
((

4312
10

)
≈ 1029

)
, would justify the extra programming time to make

it more efficient, and probably the effort required to secure an allocation on a

high-performance computer cluster.
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9 Arithmetic of Integers

“With one numerator x(x±a), one (x−a)2, and one (x+a)2,” the programmer

reports, “we have 486 sets. What else do you want?”

The curriculum developer decides there’s nothing else she wants in factoring

or distributing, but would like the students to review the largest possible variety

of multiplication of integers. In the course of the exercise, the student multiplies

or factors c · e, d · e, a · d, b · c, e · f , and c · d. “Can we see how many different

nontrivial elements of the multiplication table we can hit in one set?” She

explains that by “nontrivial” she excludes multiplication by 1 or 10, leaving 36

elements 2 · 2, 2 · 3, . . . , 9 · 9.

The programmer doesn’t want to have to work with “7 · 8,” so he indexes

the multiplication table, representing multiplication of p and q, p ≥ q, as
(p−1)(p−2)

2 + q − 1, or as zero if p = 10 or q = 1.

2 1
3 2 3
4 4 5 6
5 7 8 9 10
6 11 12 13 14 15
7 16 17 18 19 20 21
8 22 23 24 25 26 27 28
9 29 30 31 32 33 34 35 36

× 2 3 4 5 6 7 8 9

The programmer reserves six elements of array A, A[10]−A[15], for the six

possible different elements of the multiplication table. The example exercise

practices 3 · 3, 5 · 3, 6 · 3 and 6 · 4, indexed as 2, 8, 12, and 13, so the array is

now A = {5, 4, 6,−3, 3, 3, 4, 1, 2, 2, 0, 0, 2, 8, 12, 13}, putting in zeros for trivial or

repeated multiplication-table indices and putting the indices in ascending order.
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10 The “Ideal” Set

The programmer reports that if the curriculum designer wants the multiplication

to hit ten different nontrivial elements, there are eleven sets. There are four that

hit eleven elements. None at twelve or higher. The curriculum designer looks

at the four sets with eleven, and sees that they are pretty similar, all sharing

one exercise and having one exercise with only one nontrivial multiplication. In

two of the sets, the nontrivial is 2 · 2, and in the other two sets it’s 2 · 5. Of the

latter two, one replaces 2 · 6 with 4 · 6. She decides that this set is her “ideal”

set.
x + 5

x2 + 10x + 16
+

3

x2 − 2x− 8

x + 5

(x + 8)(x + 2)
+

3

(x− 4)(x + 2)

(x + 5)(x− 4) + 3(x + 8)

(x + 8)(x− 4)(x + 2)

x2 + 4x + 4

(x + 8)(x− 4)(x + 2)

(x + 2)2

(x + 8)(x− 4)(x + 2)

x + 2

(x + 8)(x− 4)

x + 2

x2 + 4x− 32

x + 3

x2 − 1
− 6

x2 + x− 2

x + 3

(x + 1)(x− 1)
− 6

(x + 2)(x− 1)

(x + 3)(x + 2)− 6(x + 1)

(x + 1)(x + 2)(x− 1)

x2 − x

(x + 1)(x + 2)(x− 1)

x(x− 1)

(x + 1)(x + 2)(x− 1)

x

(x + 1)(x + 2)

x

x2 + 3x + 2

x− 5

x2 − 9x + 18)
− 4

x2 − 9

x− 5

(x− 6)(x− 3)
− 4

(x + 3)(x− 3)

(x− 5)(x + 3)− 4(x− 6)

(x− 6)(x + 3)(x− 3)

x2 − 6x + 9

(x− 6)(x + 3)(x− 3)

(x− 3)2

(x− 6)(x + 3)(x− 3)

x− 3

(x− 6)(x + 3)

x− 3

x2 − 3x− 18
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11 Conclusion

Is this set “the ideal set”? The appropriateness of any exercise or set thereof

depends on the group of students, so there is no “the ideal.” It is “ideal” for

this curriculum designer for the group of students she had in mind because it

was one of only four sets that fit all of the criteria she chose to specify. If those

criteria are “ideal,” then so is the set.

The theory and methodology for how to pick “an ideal” set can be system-

atically and thoughtfully developed, and materials written accordingly. Will it

be an improvement over what we have today? Let’s find out.

I would enjoy hearing from people interested in the topic of how to choose

exercises for a good problem set.
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