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J O H N  K.  L A N N I N

N
CTM’S (2000) RECOMMENDATIONS
for algebra in the middle grades
strive to assist students’ transition to
formal algebra by developing mean-

ing for the algebraic symbols that students use.
Further, students are expected to have opportuni-
ties to develop understanding of patterns and func-
tions, represent and analyze mathematical situa-
tions, develop mathematical models, and analyze
change. By helping students move from specific
numeric situations to develop general rules that
model all situations of that type, teachers in fact
begin to address the NCTM’s recommendations
for algebra. Generalizing numeric situations can
create strong connections between the mathemati-
cal content strands of number and operation and al-
gebra (as well as with other content strands). In
addition, these generalizing activities build on
what students already know about number and op-
eration and can help students develop a deeper un-
derstanding of formal algebraic symbols.

My research has examined the various strate-
gies that students use as they attempt to generalize
numeric situations and articulate corresponding
justifications. Knowledge of students’ algebraic rea-
soning can assist teachers in identifying common
errors and guiding students toward an understand-
ing of what constitutes a valid and a useful algebraic
generalization.

Background on Generalizing Mathematical
Situations
AN EXCELLENT INTRODUCTORY SITUATION FOR
middle school students to generalize is the Cube
Sticker problem (see fig. 1). This situation can
be generalized using a variety of rules, each pro-
viding insight into the connections between the
arithmetic and geometric relationships that exist
in the situation. The following paragraphs de-
scribe how I present such situations to students
to give them the opportunity to create and dis-
cuss their own rules as they attempt to construct
generalizations.

When introducing this problem, I spend a few
minutes discussing the problem situation (what we
are trying to find, what information is useful, and so
on, to help students understand the nature of the
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problem. Then, I allow students to work individu-
ally on the problem for about ten minutes to enable
each student to develop at least one strategy for
finding the number of stickers. 

After working individually, students share their
thinking in small groups and discuss the validity of
each strategy, along with its advantages and disad-
vantages. A whole-class discussion about each stu-
dent’s strategy is helpful to demonstrate the vari-
ety of possible solution strategies and to develop
classroom expectations for what constitutes an effi-
cient generalization and what constitutes a valid
generalization.

Two important characteristics of the Cube
Sticker problem facilitate generalization. First,
the problem requires students to find the number
of stickers for rods of different lengths before ask-
ing them to construct a general rule. This pro-
gression helps students identify which factors
vary and which remain the same when calculating
the number of stickers on a rod. Second, by re-
quiring students to find the number of stickers for
relatively short rods, followed by the number of
stickers for much longer rods, the problem forces
students to move beyond using drawing and
counting strategies toward identifying a general
relationship that exists in the situation.

A company makes colored rods by joining
cubes in a row and using a sticker machine to
place “smiley” stickers on the rods. The ma-
chine places exactly 1 sticker on each exposed
face of each cube. Every exposed face of each
cube has to have a sticker; this rod of length 2,
then, would need 10 stickers. 

1. How many stickers would you need for rods
of lengths 1–10? Explain how you determined
these values.

2. How many stickers would you need for a rod
of length 20? Of length 56? Explain how you
determined these values.

3. How many stickers would you need for a rod
of length 137? Of length 213? Explain how
you determined these values.

4. Write a rule that would allow you to find the
number of stickers needed for a rod of any
length. Explain your rule.

Fig. 1  The Cube Sticker problem (adapted from NCTM 2000)
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Students’ Strategies for Developing
Generalizations

WHEN STUDENTS TRY TO FORMULATE GENERAL-
izations for situations, such as the Cube Sticker
problem, they bring both powerful reasoning and
misconceptions regarding the application of mathe-
matical operations to the problem. I invite you to
think about how you would find the number of
stickers for rods of various lengths before reading
the descriptions that follow.

Figure 2 lists students’ strategies that other re-
searchers (Stacey 1989; Swafford and Langrall
2000) and I have observed. Note, however, that stu-
dents often use more than one of these strategies as
they attempt to generalize this situation. The follow-
ing sections elaborate on these strategies.

Counting

A possible statement given by a student who uses
the counting strategy is, “Make a rod of that length
and count the number of stickers that you would
need.” This statement describes the level of prob-
lem solving at which every student should begin,
that is, by building a rod and counting the number
of stickers. As teachers, however, we must encour-
age students to move beyond counting by asking
such questions as “Building and counting would be
difficult for a rod of length 137. Can you use what
you know about shorter rods to find a way to calcu-
late the number of stickers on a rod of length 137?”

Recursion

A student using a recursive strategy has con-
structed a relationship for building a rod of a given
length from a rod with a length that is 1 cube
shorter than the desired rod. When using this strat-
egy for the Cube Sticker problem, a student might
state, “To find the number of stickers, start with 6
stickers for the first one and add 4 stickers for every
cube that you add to the rod because you can peel
the sticker off the end of the old rod and place it on
the new cube. Then, you need only 4 more stickers
for the new rod” (see fig. 3).

A recursive strategy is a powerful means for find-
ing the number of stickers if we know (or can find)
the number of stickers on the previous rod. This rule
is relatively simple to demonstrate on a computer
spreadsheet (see fig. 4). The rule also provides a
strong connection to the concept of slope (i.e., it de-
scribes the increase in the number of stickers when
the length of the rod increases by 1), but for longer
rods, this strategy is not as efficient as an explicit
rule. This strategy can lead to the development of an
explicit rule if the student can connect the number of
times that he or she adds 4 (one less time than the
length of the rod) and the number of stickers for a
rod of length 1, which is 6. The resulting rule is 6 +
4(n – 1), where n is the length of the rod. Some mid-
dle school students have difficulty moving beyond
the use of a recursive strategy in this situation, possi-
bly because they do not have a strong understanding
of the connection between addition and multiplica-
tion. I have witnessed middle school students enter 6
into their calculators and add 4 repeatedly to find the
number of stickers for rods of length 137.

Whole-object

The use of the whole-object method is often a mis-
taken attempt to directly apply proportional reasoning
to this situation. A student using this strategy might
state, “Because a length-10 rod has 42 stickers, you
could multiply 42 by the number of times that 10 goes
into the length of the rod. For example, for a rod of
length 20, you could multiply 42 (the number of stick-
ers in a rod of length 10) by 2 (the number of rods of
length 10 that are in a rod of length 20).” We need to
encourage students to count the number of stickers
for a rod of length 20 and examine why this strategy
results in the incorrect number of stickers. Often, stu-
dents are unaware that when they use this method,
they are counting the extra stickers where the two
length-10 rods are joined.

Some students who use this strategy will also ad-
just for overcounting of the stickers by subtracting
the two extra stickers that would be counted whenFig. 2  Student strategies for generalizing numerical situations

STRATEGY DESCRIPTION

Counting Drawing a picture or constructing a
model to represent the situation and
counting the desired attribute

Recursion Building on a previous term or terms in
the sequence to construct the next term 

Whole-object Using a portion as a unit to construct a
larger unit using multiples of the unit.
This strategy may or may not require an
adjustment for over- or undercounting.

Contextual Constructing a rule on the basis of a re-
lationship that is determined from the
problem situation

Guess and check Guessing a rule without regard to why
the rule may work

Rate-adjust Using the constant rate of change as a
multiplying factor. An adjustment is
then made by adding or subtracting a
constant to attain a particular value of
the dependent variable.
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the two rods of length 10 are connected. This
method correctly counts the number of stickers for
a rod of length 20, but students may have difficulty
using this strategy to create a rule that would find
the number of stickers for a rod of any length; the
strategy is confusing to apply to rods with lengths
that are not multiples of 10.

Contextual

The contextual strategy is useful because it links
the student’s rule to the situation and allows for
the immediate calculation of the number of stick-
ers for a rod of any length. A student who uses
this strategy might say, “All of the middle blocks
have only 4 stickers, and the number of middle
blocks is 2 less than the length of the rod [see fig.
5]. To find the number of middle blocks, subtract
2 from the length of the rod and multiply that
number by 4. Then, add 10 to that total because
the 2 blocks on the end have 5 stickers each.”
(This generalization is one of many such explicit
rules that could be constructed for this situation.)
This strategy helps students make a connection to
a general relationship that exists for all rods of
length 2 or more. (Note that explaining how this
rule can be related to a rod of length 1 is difficult,
although the rule results in the correct number of
stickers for that situation, as well.) The blocks on
the ends of the rod will always have 5 stickers,
and the blocks connecting them (if any) will al-
ways have 4 stickers. 

Rate-adjust

The rate-adjust strategy is related to the contextual
method but uses abstract reasoning regarding the
number sequence generated for the number of
stickers. A student using this strategy could state,
“Because the number of stickers increases by 4
each time [from a rod of length n to a rod of length
n + 1], you know that you have to multiply the
length of the rod by 4. Then, to get 6 stickers for
the rod of length 1, you multiply 1 by 4, but you
have to add 2 [to make 6 stickers]. You should mul-
tiply the length of the rod by 4 and add 2 to find the
number of stickers.” This strategy requires the un-
derstanding that the expression 4n increases by 4
as n increases by 1, an important connection to the
concept of slope. 

Fig. 3  A recursive strategy involves building on the previous rod.

Fig. 4  Use of a recursive formula on a spreadsheet

A  rod of length 1 has 6 stickers.

A  rod of length 2 has 10 stickers 
(4 more than rod of length 1).

A  rod of length 3 has 14 stickers 
(4 more than rod of length 2).

LENGTH OF ROD NUMBER OF STICKERS

1 6

2 =B2+4

3 =B3+4

4 =B4+4

5 =B5+4

6 =B6+4

7 =B7+4

8 =B8+4

9 =B9+4

10 =B10+4

11 =B11+4

12 =B12+4

13 =B13+4

14 =B14+4

15 =B15+4

Fig. 5  A contextual strategy for the Cube Sticker problem

End blocks with 5 stickers each.

Middle blocks with
4 stickers each.
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Once the rate of change (four stickers added 
per cube) is identified, it is used to find the correct
number of stickers for a rod of length 1, recognizing
that the same rule will also result in the correct
number of stickers for a rod of any length. This
strategy is relatively easy to apply to linear sit-
uations, but it is difficult to apply to nonlinear situa-
tions; therefore, I encourage students who use this
strategy to also develop rules using the contextual
strategy.

Guess and check

The final strategy offers no connection to the con-
text or the number sequence generated for the
number of stickers. A student who uses this strat-
egy might state, “I tried a few rules and came up
with multiply by 4 and add 2.” Although the rule is
correct for this situation, it provides no insight into
the relationship between the rule and the context
and, therefore, is difficult to justify. 

Student justifications

The following paragraphs discuss the types of justi-
fications that students provide and how teachers
can help students recognize what constitutes a valid
justification for a generalization.

Avoiding the pitfalls of proof by example

Trying to justify a general situation by demon-
strating that the rule results in the correct values
for a few individual cases is a common error that
occurs throughout grades K–12 (Hoyles 1997).
Often, teachers model this type of reasoning. For
example, when teaching a traditional algebra
course, I remember illustrating the distributive
property by calculating 4(5 + 7) and 4(5) + 4(7),
noting that these two expressions resulted in the
same value, and moving on. Such a misuse of ex-
amples can lead to student misunderstanding
about what constitutes a valid justification for a
general statement. What can we do to counter this
type of misconception? An excerpt from a lesson
that I taught demonstrates my attempt to deal
with this situation:

Teacher. Jason, please explain your rule.
Jason. I multiplied by 4, and I added 2. It was like

a guess and check.
Teacher. OK, so you guessed and it worked for

the first [example.]
Jason. Yeah, and I checked it for others and it

worked.
Teacher. And it worked for the second [example],

and it worked for the third [example]. Is it always
going to work?

[I then asked for a show of hands of students
who agreed with Jason’s reasoning and those who
did not. The class was divided almost evenly be-
tween these two groups.]

Teacher. Lisa, what do you think?
Lisa. Well, I don’t really understand what he is

doing. I don’t think that it will work every time. It
may work for a few, but it may not work for some
numbers.

My purpose in polling the class was to see how
prevalent this misconception was. Then, I solicited
further input from particular students who dis-
agreed, and Lisa provided a counterargument (that
we do not know whether this rule really works for
all values) for Jason’s faulty justification. Jason had
no means of supporting his argument further, and
for subsequent problems, no student offered this
type of argument during a whole-class discussion. 

Despite this discussion, many students contin-
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ued to use proof by example when questioned indi-
vidually. Further discussion about this type of justi-
fication is necessary to help students understand
the need to establish a general relationship. The re-
silience of this error demonstrates that teachers
should proceed with caution when faced with this
type of argument. 

Linking rules to the problem context

Linking the rule to a general relationship that ex-
ists in the problem situation, such as the explana-
tions provided for the recursive and contextual
strategies, is an acceptable means of justifying a
generalization. In classroom discourse, teachers
must consistently follow each student’s valid or in-
valid justification by questioning the entire class
to see whether others accept the student’s justifi-
cation. In doing so, we can establish the class ex-
pectation that all generalizations must be ade-
quately justified. Similarly, we can continue to
question students’ attempts to provide justifica-
tion by example by stating, “This rule appears to
work for the examples that have been provided.
Now we need to understand why this rule will al-
ways work.” Many students will also reinforce this
idea by asking others to explain why a rule works.
The emphasis must be placed on understanding
why the rule results in the correct values, as well
as on finding a correct rule.

Teachers must also require students to explain
each component of their rules. Students tend to pro-
vide rules without any explanation of what the vari-
ous parts of their rules represent in relation to the
context of the situation. For the Cube Sticker prob-
lem, students often state that their rule is to “Multi-
ply the length of a rod by 4 and add 2.” Although
this rule results in the correct number of stickers
when given the length of the rod, it supplies little in-
sight into the situation. Such questions as “Why are
you multiplying by 4?” “What does multiplying the
length of the rod by 4 calculate?” and “Why are you
adding 2 to the length of the rod?” require students
to connect each part of the rule to the situation and,
thus, help others achieve a deeper understanding of
the generalization.

Using proof by induction

A third type of justification, an informal proof by in-
duction, is sometimes offered by students who use
the rate-adjust strategy. For the Cube Sticker prob-
lem, a student using this justification might say, “I
know my rule works for a rod of length 1 because I
tested it, and it gave me 6. I know that it will work
for all other rods because if I increase the length of

the rod by 1, the number of stickers increases by 4.”
A student providing this type of argument should
also explain how he or she knows that the increase
will be 4, establishing a strong connection to the
concept of slope.

Formalizing and Extending Students’
Understanding of Generalization
ONE OF THE ADVANTAGES OF GENERALIZING
numeric situations is that the variables actually rep-
resent varying quantities (as opposed to the view
often promoted of a variable as a single unknown
value in an equation, such as 2x + 3 = 11). The intro-
duction of formal notation can help students see al-
gebraic symbols as representing varying quanti-
ties. For example, the contextual description
provided earlier could easily be translated into the
explicit rule S = 4(n – 2) + 10, where S is the num-
ber of stickers and n is the length of a rod. 

Teachers can ask questions about what n repre-
sents in this situation and what values are appropri-
ate for substituting for n, such as “Can n be 3/4?”
Also, we can ask students whether we could con-
struct a rod that contains exactly 40 stickers, for ex-
ample, to encourage them to think about the output
values of this function. By asking these types of
questions, we can begin to address the concepts of
domain and range that will be introduced later in
formal algebra.

The recursive rule could also be written infor-
mally using notation that some middle and sec-
ondary school textbooks use (see for example, Cox-
ford et al. [1998]; Romberg et al. [1998]). Students
could write the rule as follows: “Start: 6, NEXT =
NOW + 4.” This notation describes both the initial
value in the sequence and the relationship between
the current term and the next term in the sequence.
Further discussion about when the recursive rule is
easier to use and when an explicit rule is easier to
use helps students develop a deeper understanding
of the advantages and disadvantages of reasoning
recursively and explicitly.

Extending the Cube Sticker situation to related
situations involving the joining of other prisms,
such as triangular or pentagonal prisms, can en-
courage students to further reflect on the mathe-
matical power of various strategies. For example,
the recursive rule could be modified to generate a
new rule if the triangular prisms were joined at their
bases. The starting value would change to 5 for a
rod of length 1. The NOW-NEXT rule would be
changed to NEXT = NOW + 3, because 3 more
stickers are needed each time the rod is increased
in length by 1. The contextual rule described earlier
could also be quickly reapplied to this situation, re-
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sulting in the explicit rule S = 3(n – 2) + 8.
Extending the situation in this manner can
help students extend their thinking about
how their generalizations can be applied
to related situations.

Conclusion

GENERALIZING NUMERIC SITUATIONS 
gives students an opportunity to engage in
discussions about important mathematical
ideas. As seen in the Cube Sticker prob-
lem, these situations often connect many
mathematical strands and emphasize the
need to formulate and validate conjectures.
They encourage students to view variables
as dynamic quantities that can be used to
make sense of their environment.

One of the difficulties students face is
that they may not have been asked to justify
general statements in the past, and they
often resort to justification through the use
of examples. We must help students recog-
nize the importance of linking their rules to
the context of the situation and not promote
the proof-by-example justification com-
monly used by students.
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