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Bob and Paul continue their
investigations of pennies.

By Bob Albrecht
and Paul Davis

AREA, MASS, AND VOLUME

Last time (L&L, 29[5],

pp. 28–31, 53), we

worked with mass.

This time, we’ll focus on length,

quantities derived from length

(area and volume), and quantities

derived from mass and length (mass density).

In the Curriculum
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Measuring Length: The Meter
Length is a fundamental physical quan-
tity. It has other names, such as width,
thickness, height, and distance. If you
consult a dictionary, you may find that
these words are defined in terms of one
another. We found definitions at
Merriam-Webster Online. (Editor’s
note: See the Resources section at the
end of the article for URLs.) One way
that works for us is to define length as
something we can measure with an ap-
propriate measuring instrument such
as a meter stick, tape measure, or
trundle wheel.

The meter (m) is the SI unit of
length. The official definition of the
meter is a bit boggling: “The meter is
the length of the path traveled by light
in vacuum during a time interval of
1/299,792,458 of a second.” You can
read about its history at “Base unit de-
finitions: Meter” on the National Insti-
tute of Standards and Technology Web
site. In that definition, perhaps you rec-
ognize the speed of light: 299,792,458
meters/second. The meter is defined
in terms of the speed of light and the

second. For classroom use, a good
meter stick will do.

Measuring Space:
Area and Volume
Area is a measure of the
size of a region of two-
dimensional space, usually
expressed as the square of a
unit of length. A geometry
book may define area as a

measure of a region enclosed by
a plane figure such as a triangle,

rectangle, or circle. A curved region
such as the surface of a cylinder or
sphere has an area. The SI unit of area

is the square meter (m2). Small areas
may be measured in square millimeters
(mm2) or square centimeters (cm2) and
large areas in hectares (ha) or square
kilometers (km2).

Volume is a measure of the size of
a region of three-dimensional space,
usually expressed as the cube of a unit
of length. A geometry book may define
volume as a measure of the space con-
tained in a solid or enclosed by a closed
shape such as a cube, prism, pyramid,
cylinder, or sphere. The SI unit of vol-
ume is the cubic meter (m3). Volume
may also be measured in cubic centime-
ters (cm3), liters (L), or milliliters (mL).
Large volumes may be measured in cu-
bic kilometers (km3).

Mathematical Modeling: The Penny
Browse the National Science Education
Standards Web site, and you’ll see many
references to models as tools for study-
ing and understanding the physical
world. In the Unifying Concepts and
Processes section of Science Content
Standard: K–12, we like the follow-
ing snippets:

Systems and subsystems, the na-
ture of models, and conservation
are fundamental concepts and
processes included in this stan-
dard. … Teachers should help
students understand that models
are developed and tested by com-
paring the model with observa-
tions of reality. … Models are
tentative schemes or structures
that correspond to real objects,
events, or classes of events, and
that have explanatory power.
Models help scientists and engi-
neers understand how things
work. Models take many forms,

including physical objects, plans,
mental constructs, mathematical
equations, and computer simula-
tions. (National Research Coun-
cil, 1996)

A great way to get students involved
in mathematical modeling is to begin
with simple models of everyday objects,
such as pennies, for example. A penny
is a solid circular disk or cylinder, ex-
cept that the circular faces are not pla-
nar—they have tiny hills, ridges, and
valleys. Let’s ignore that fact and model
a penny as a solid circular disk with
smooth surfaces. Find specifications for
a penny’s dimensions, composition, and
mass on the About The United States
Mint Web site. Penny specs are:

Diameter: 19.05 mm
Thickness: 1.55 mm
Composition: 2.5% copper (Cu),

97.5% zinc (Zn)
Mass: 2.500 g

We’ll use the diameter and thickness
specifications to calculate the area of a
circular face and the volume of a model
penny. The formula for the area A of a
circle of diameter d is A = π(d/2)2. We
reached into our metric backpack, drew
out our TI-83 graphing calculator, and
calculated the area in square millimeters
and square centimeters.

mm2: A = π(d/2)2 = π(19.05 mm/2)2 =
285.0 mm2

cm2: A = π(d/2)2 = π(1.905 cm/2)2 =
2.850 cm2

One way to calculate the volume V of a
penny is to multiply the area A of a cir-
cular face by the thickness t. We loved
the sound of our TI-83 as it calculated
the volume in cubic millimeters and
cubic centimeters.
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mm3: V = At = (285.0 mm2)(1.55 mm)
= 442 mm3.

cm3: V = At = (2.850 cm2)(0.155 cm) =
0.442 cm3.

Now let’s calculate the mass of our
model penny. The density of an object
is its mass per unit volume (density =
mass/volume). You can find the densi-
ties of elements in a periodic table.
Online try Chemicool Periodic Table. If
you know an object’s volume and den-
sity, you can calculate its mass like this:

mass = density × volume.

A penny is 2.5% copper and 97.5%
zinc. The density of copper is 8.96
grams per cubic centimeter (g/cm3),
and the density of zinc is 7.14 g/cm3.
If the penny were 100% zinc, we could
multiply its volume by the density of
zinc to get its mass. If the penny were
100% copper, we could multiply its
volume by the density of copper to get
its mass. We can use two strategies to
calculate its mass.

Strategy 1. Calculate the volume of
zinc in the penny and multiply it by
the density of zinc to get the mass of
the zinc. Likewise, calculate the vol-
ume of copper in the penny and multi-
ply it by the density of copper to get
the mass of copper. Add the mass of
zinc and the mass of copper to get the
mass of the penny.

Strategy 2. Calculate the average den-
sity of the penny and multiply it by
the penny’s volume to get its mass.

We’ll use Strategy 1. Here are our
calculations:

Mass of zinc = 0.975(0.442 cm3)(7.14
g/cm3) = 3.08 g.
Mass of copper = 0.025(0.442
cm3)(8.96 g/cm3) = 0.10 g.
Mass of penny = 3.08 g + 0.10 g = 3.18 g.

The mass of our model penny is 3.18 g,
about 27% more than the U.S. Mint
mass specification of 2.500 g. One rea-
son for the difference is that real pen-

nies are thinner than 1.55 mm (0.155
cm). Another reason is that the circular
faces are not planar. Imagine that you
are two micrometers tall and are stand-
ing on one of the faces of a penny.
You’ll see mighty mountains and val-
leys! If your microscopic feet can carry
you along at one micrometer per sec-
ond, how long will it take you to cross
the penny from one edge to the other?

Extending the Learning: Your Turn
These activities range from calculations
you can do in a few minutes with a cal-
culator (Activities 1–4) to a spreadsheet
activity (Activity 5) to hands-on investi-
gations that may require a substantial
amount of time (Activities 6–7).

1. We measured the diameters and
thicknesses of year-2000 pennies
and got an average diameter of 19.1
mm (1.91 cm) and thickness of 1.42
mm (0.142 cm). Use our data to cal-
culate the volume of a model penny.
Answer: 407 mm3 (0.407 cm3).

2. Using the volume from Activity 1
and Strategy 1, calculate the mass
of the model penny and the percent
difference from the specified mass
of 2.500 g. Answers: Mass = 2.93 g.
Percent difference = 17%.

3. Calculate the average density of
a penny. Its composition is 97.5%
zinc and 2.5% copper. The density
of copper is 8.96 g/cm3 and the
density of zinc is 7.14 g/cm3.
Answer: 7.19 g/cm3.

4. Use the average density you calcu-
lated in Activity 3 and Strategy 2 to
calculate the mass of a penny whose
volume is (a) 0.442 cm3, and (b)
0.407 cm3. Answers: (a) 3.18 g.
(b) 2.93 g.

5. The U.S. Mint Web site lists specifi-
cations for the penny, nickel, dime,
quarter, half dollar, Susan B. An-
thony dollar, and Golden Dollar
(Figure 1). Using a coin model
such as the one we used for a penny,
create a spreadsheet to calculate the
volume, average density, mass, and
percent difference of the model mass
from the specified mass for all of the
U.S. coins. (Editor’s note: See the
sample Excel spreadsheet in the
Supplement to this article online
at www.iste.org/L&L.)

6. Investigation. Weigh a bunch of
pennies to calculate their mass, vol-
ume, and density. For help, visit the
density-related Web sites listed in the
Resources section.

Figure 1. Coin specifications from the U.S. Mint Web site.
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7. Investigation. From 1962 through
1981, the penny’s dimensions were
the same as today’s pennies (d =
19.05 mm and t = 1.55 mm), but
its composition was 95% copper
and 5% zinc. Several types of 1982
pennies were minted. Pennies mint-
ed in 1983 and later were made of
97.5% zinc and 2.5% copper. Cal-
culate the volume, average density,
and mass of a model 1962–1981
penny. Collect a bunch of real
1962–1981 pennies, weigh them,
get their volume, and calculate the
density. Compare the model 1962–
1981 pennies with their real coun-
terparts. Also compare real and
model 1962–1981 pennies with
real and model post-1982 pennies.

Resources
About The United States Mint:

www.usmint.gov/about_the_mint/
index.cfm?action=coin_specifications

Chemicool Periodic Table: www-tech.mit.edu/
Chemicool

Density Exercise 1: http://academic.brooklyn.
cuny.edu/geology/leveson/core/graphics/
density/densityex_1.html

Density of a Paper Clip: http://online.cctt.org/
physicslab/content/Phy1/labs/density/
densityofapaperclip.asp

Geometry: www.aaamath.com/geo.html. Ge-
ometry facts covered in K–8 math courses
with explanations, interactive practices, and
challenge games

Mass, Volume, Density: Floating Lab 101:
www.sciencejoywagon.com/explrsci/
dswmedia/density.htm
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Math Forum: Ask Dr. Math: FAQ—Geometric
Formulas: www.mathforum.com/dr.math/
faq/formulas

Merriam-Webster Online: www.m-w.com
National Institute of Standards and Technology

(International System of Units): http://
physics.nist.gov/cuu/Units

National Science Education Standards (NSES)
Unifying Concepts and Processes: http://
books.nap.edu/html/nses/html/6b.html

SI: Base unit definitions: Meter: http://
physics.nist.gov/cuu/Units/meter.html

Reference
National Research Council. (1996). National
science education standards. Washington, DC:
Author. Available: http://books.nap.edu/html/
nses/html/.

Bob Albrecht (StarshipGaia@
aol.com) is a writer and devel-
oper of science, math, and
technology curricula. George
Firedrake is his alter ego and
takes the form of a dragon.

Laran Stardrake, whose quotes sometimes lead off
the column, is another of Bob’s “accomplices.” She’s
half dragon and half human. As Laran is fond of
saying, “ Reality expands to fill the available fan-
tasies.” The DragonFun image is from an original
painting by Marcy Kier-Hawthorne.

Paul Davis (ctec1@mchs.srcs.
k12.ca.us) is a mathematics
teacher at Maria Carrillo High
School in Santa Rosa, Califor-
nia. He was a happy, normal
teacher until he met Bob
Albrecht and George Firedrake

in 1992 and became another one of their accom-
plices. Since then, Paul has been intertwingling
math, science, and technology in his classroom
with the help of Bob and George.

How have math, science, and technology
interconnected in your classroom?
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Do you have any favorite real-world
investigations you use with students?

Share your ideas with your fellow readers by sending a letter
to L&L’s editor, Kate Conley, at letters@iste.org.
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