
E. 18.01 EXERCISES


1A-9 a) Graph the function f that consist of straight line segments joining the points 
(-1, -1), (1,2), (3, -1), and (5,2). Such a function is called piecewise linear. 

b) Extend the graph of f periodically. What is its period? 

c) Graph the function g(r) = 3f((z/2) - 1) - 3. 

1B. Velocity and rates of change 

1B-1 A test tube is knocked off a tower at the top of the Green building. (For the purposes 
of this experiment the tower is 400 feet above the ground, and all the air in the vicinity of 
the Green building was evacuated, so as to eliminate wind resistance.) The test tube drops 
16t 2 feet in t seconds. Calculate 

a) the average speed in the first two seconds of the fall 

b) the average speed in the last two seconds of the fall 

c) the instantaneous speed at landing 

1B-2 A tennis ball bounces so that its initial speed straight upwards is b feet per second. 
Its height s in feet at time t seconds is.given by a = bt - 16t 

a) Find the velocity v = ds/dt at time t. 

b) Find the time at which the height of the ball is at its maximum height. 

c) Find the maximum height. 

d) Make a graph of v and directly below it a graph of a as a function of time. Be sure 
to mark the maximum of s and the beginning and end of the bounce. 

e) Suppose that when the ball bounces a second time it rises to half the height of the 
first bounce. Make a graph of s and of v of both bounces, labelling the important points. 
(You will have to decide how long the second bounce lasts and the initial velocity at the 
start of the bounce.) 

f) If the ball continues to bounce, how long does it take before it stops? 

1C. Slope and derivative 

1C-1 a) Use the difference quotient definition of derivative to calculate the rate of change 
of the area of a disk with respect to its radius. (Your answer should be the circumference 
of the disk.) 

b) Use the difference quotient definition of derivative to calculate the rate of change 
of the volume of a ball with respect to the radius. (Your answer should be the surface area 
of the ball.) 

10-2 Let f(z) = (z - a)g(z). Use the definition of the derivative to calculate that f'(a) = 
g(a), assuming that g is continuous. 

1C-3 Calculate the derivative of each of these functions directly from the definition. 
a) f(x) = 1/(2z + 1) b)f(z) = 2W2 +5x + 4

c) f 2) = 1/(z2 + 1) d) f() = 1/V


Se) For part (a) and (b) find points where the slope is +1, -1, 0.
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1. DIFFERENTIATION 

IB. Velocity and rates of change 

1B-1 a) h = height of tube = 400 - 16t 2. 

h(2) - h(0) (400 - 16.22) -400 
average speed 22 22 -32ft/sec 

(The minus sign means the test tube is going down. You can also do this whole problem 
using the function s(t) = 16t 2, representing the distance down measured from the top. Then 
all the speeds are positive instead of negative.) 

b) Solve h(t) = 0 (or s(t) = 400) to find landing time t = 5. Hence the average speed 
for the last two seconds is 

h(5) - h(3) _0-2(400 - 16 32) = -128ft/sec2 2 

c) 

h(t) - h(5) _ 400 - 16t 2- 0 16(5 - t)(5 +t)
t-5 t-5 t-5 

= -16(5 + t) -4 -160ft/sec as t -+5 

1B-2 A tennis ball bounces so that its initial speed straight upwards is b feet per second. 
Its height a in feet at time t seconds is 

8= bt - 16t2 

a) 
s(t + h) - s(t) b(t + h) - 16(t + h)2 - (bt- 16t 2) 

h h 
bt + bh - 16t2 - 32th - 16h2 - bt + 16t 2 

h 
bh - 32th - 16h2 

h 
= b - 32t - 16h - b - 32t as h -+ 0 

Therefore, v = b- 32t. 

b) The ball reaches its maximum height exactly when the ball has finished going up. 
This is time at which v(t) = 0, namely, t = b/32. 

c) The maximum height is 8(b/32) = b2/64. b I 

d) The graph of v is a straight line with slope 
-32. The graph of 8 is a parabola with maximum 2 

at place where v = 0 at t = b/32 and landing time t b/32 b/16 
at t= b/16. graph of velocity graph of position 



S. 18.01 SOLUTIONS TO EXERCISES 

e) If the initial velocity on the first bounce was bl = b, and the velocity of the second 
bounce is b2 , then bR/64 = (1/2)b2/64. Therefore, b2 = bl/-V. The second bounce is at 
b1/16 + b2/16. (continued -+) 

f) If the ball continues to bounce then the landing times form a geometric series 

b/16 + 2/1 ++bb3/13/16 + b/16b/16 /b 2))2+++2/16 + = +b/1( b . 
= (b/16)(1 + (1/v2)+ (1/ )2 +.,) 

b/16 
1- (1/V0) 

Put another way, the ball stops bouncing after 1/(1 - (1/V\)) s 3.4 times the length of 
time the first bounce.. 

1C. Slope and derivative. 

IC-1 a) 

2 27r(r + h)2 - 7rr r(r 2 + 2rh + h2 ) - rr -x(2rh+ h2) 

h h h 
= ir(2r+ h) 
->2rr as h -+0 

b) 

(47r/3)(r + h)3 - (47r/3)r3 (47r/3)(r3 3r 2h + 3rh2 + h3) - (4r/3)r3 

h h 
(47r/3)(3r2h + 3rh2 + h3) 

h 
= (4-r/3)(3r2 + 3rh+ h2) 
- 47rr2 as h -+0 

-2f(x) - f(a) (a- a)g(x)- 0C-2= = g(z) -+g(a) asxz-+a. 

1C-3 a) 

1 1 1 1 [2x+1-(2(x + h) +1) 
h2(x+h)+l 2x + 1 h (2( + h)+l)(2x + 1) 

S (2( +h)+1)(2z +1) 
-2 

(2(z + h) +-1)(2x+ 1) 
-2 

-+ as h -+ 0 
(2x+ 1)
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