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Lecture 24. November 15, 2005 

Practice Problems. Course Reader: 5A1, 5A2, 5A3, 5A5, 5A6. 

1. Inverse functions. Let a, b, s and t be constants. Let y = f (x) be a function defined on the 
interval, 

a ≤ x ≤ b, 

and whose values are in the interval, 
s ≤ y ≤ t. 

Does there exist a function x = g(y) defined on the interval, 

s ≤ y ≤ t, 

whose values are in the interval, 
a ≤ x ≤ b, 

satisfying the two conditions, 
g(f (x)) = x, f (g(y)) = y ? 

If such a function g exists, it is called an inverse function of f , and it is denoted by f −1(y). Also, 
the original function f (x) is called invertible. There is some chance of confusion with the other use 
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of “invertible”, namely that 1/f(x) is always defined. We will be careful to specify the meaning of 
“invertible”. 

There are 2 necessary conditions for f to have an inverse function. Assume f has an inverse function 
g. Let x1, x2 be a pair of numbers in [a, b]. If f(x1) equals f(x2), then also, 

x1 = g(f(x1)) = g(f(x2)) = x2, 

i.e., x1 equals x2. In other words, two distinct inputs x1 and x2 give two distinct outputs f(x1) and 
f(x2). A function satisfying this condition is called onetoone, because to every output, there is 
at most one input. This is the first necessary condition: every invertible function is onetoone. 

Next, for every number y in [s, t], there is a number x in [a, b] such that y = f(x). In fact, just 
take x to be g(y); then f(x) equals f(g(y)), which equals y. A function satisfying this condition is 
called onto. This is the second necessary condition: every invertible function is onto. 

Together, this says that an invertible function is onetoone and onto. In fact, the converse is also 
true: every onetoone and onto function is invertible. This is easy to check, but we will not prove 
it in this class. 

Remark: In checking that f is onetoone and onto, the choice of intervals [a, b] and [c, d] are vital. 
A simple example comes from f(x) = sin(x). For the interval [−π/2, π, 2] and [−1, 1], the function 
f(x) is onetoone and onto. But for many other choices of these intervals, the function is neither 
onetoone nor onto. 

2. The graph of an inverse function. How should we think of an inverse function? One way 
is graphically. The graph of the function y = f−1(x) is the same as the graph of f(y) = x. This 
is simply the usual graph of y = f(x) with the roles of x and y reversed. What this translates to 
is, the graph of f−1 is the same as the graph of f with the roles of the xaxis and yaxis reversed. 
The simplest way to get the graph of f−1(x) is simply to reflect the graph of f(x) through the 45◦ 

line y = x. 

3. The inverse trigonometric functions. The function sin(x) is onetoone and onto on 
[−π/2, π/2], taking values in [−1, 1]. Thus there is an inverse function sin−1(x) defined on the 
interval [−1, 1], taking values in [−π/2, π/2]. The graph of sin−1(x) is an increasing function whose 
lower left endpoint is (−1, −π/2) and whose upper right endpoint is (1, π/2). 

The function cos(x) is onetoone and onto on [0, π], taking values in [−1, 1]. Thus there is an inverse 
function cos−1(x) defined on the interval [−1, 1], taking values in [0, π]. The graph of cos−1(x) is a 
decreasing function whose upper left endpoint is (−1, π) and whose lower right endpoing is (1, 0). 

The function tan(x) is onetoone and onto on (−π/2, π/2), taking values in the whole real line. 
Thus there is an inverse function tan−1(x) defined on the whole real line, taking values in (−π/2, π/2). 
The graph is an increasing function that is asymptotic to the line y = −π/2 as x → −∞, and 
asymptotic to the line y = +π/2 as x → +∞. 

4. Derivatives of inverse functions. A particular simple formulation of the chain rule is the 
differential formulation, 

df(u) = f �(u)du. 
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If f has an inverse function g(x), let u be g(x). Then this gives, 

df (g(x)) = f �(g(x))dg(x). 

On the other hand, f (g(x)) equals x. This gives the formula, 

dx = f �(g(x))dg(x). 

Solving for dg/dx gives, 
d 

(g(x)) = 
dx 

1/f �(g(x)). 

This is the formula for the derivative of an inverse function.


In fact, we have seen this formula before. It is how we computed the derivative of ln(x), the inverse

xfunction of e : 

d 1 1 
(ln(x)) = 

eln(x) 
= . 

dx x 

5. Derivatives of the inverse trigonometric functions. Because the derivative of sin(x) is 
cos(x), the formula above gives, 

d 1 
(sin−1(x)) = 

cos(sin−1(x)) 
. 

dx 

This isn’t very useful. A simple argument makes it much more useful. Denote sin−1(x) by θ. Thus 
sin(θ) = x. Also, the formula for the derivative is a bit simpler, 

d 1 
(sin−1(x)) = . 

dx cos(θ) 

By the Pythagorean theorem, 
sin2(θ) + cos 2(θ) = 1. 

Solving gives, 
2cos(θ) = 1 − sin2(θ) = 

√
1 − x . 

This gives a very useful formula for the derivative of sin−1(x), 

d 
(sin−1(x)) = 

dx 
1/
√

1 − x2 . 

There is a very similar derivation that, 

d 
(cos−1(x)) = 

dx 
−1/

√
1 − x2 . 
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