
E. 18.01 EXERCISES 

2D-3 Coffee in a cup at a temperature y(to) at time to in a room at temperature a cools 
according to the formula.(derived in 3F-4); assume a = 200C and c= 1/10: 

y(t) =(y(to) - a)e-c(t-) + a, t > to 

You are going to add milk so that the cup has 10% milk and 90% coffee. If the coffee has 
temperature 21 and the milk T2, the temperature of the mixture will be -T, + 12T2. 

The coffee temperature is 1000C at time t = 0, and you will drink the mixture at time 
t = 10. Tlhe milk is refrigerated at 50C. What is the best moment to add the milk so that 
the coffee will be hottest when you drink it? 

2D-4* a) Show that the shortest collection of roads joining four towns at four corners of a 
unit square is given by roads that meet at 120* angles. Use the variable z as indicated on 
the picture. 

b) Find the shortest collection of roads in the shape indicated for towns at the four 
corners of a rectangle. Write down the formula for the length of the roads as a function of 
a. Hint: Sometimes the answer is that the roads meet at 1200 angles, but only for certain 
values of a. 
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2D-5* Find the triangle of smallest area in the half-plane to the right of the y-axis whose 
three sides are respectively segments of the x-axis, the diagonal y = x, and a line through 
(2,1). 

2D-6* Find the point of the ellipse 

73x2 - 72xy + 52y2 = 2500 

closest to (0,0). 

Hint: Use implicit differentiation to find a quadratic equation in z and y. This is the 
type of equation (known as a homogeneous equation) that you faced in Problem 20-11. 
The homogeneous form makes it possible to solve for y/x. You can then find (x,,y) by 
substituting in the original equation. 

2D-7* Find two positive numbers whose product is 10 and whose sum is as large as possible. 

2E. Related Rates 

2E-1 A robot going 20 ft/sec passes under a street light that is 30 feet above the ground. 
If the robot is 5 feet tall, how fast is the tip of its shadow moving two seconds after.passing 
under the street light? How fast is the length of the shadow increasing at that moment? 

2E-2 A beacon light 4 miles offshore (measured perpendicularly from a straight shoreline) 
is rotating at 3 revolutions per minute. How fast is the spot of light on the shoreline moving 
when the beam makes an angle of 60* with the shoreline? 

Jeff
Cross-Out



2. APPLICATIONS OF DIFFERENTIATION


2E-3 Two boats are travelling at 30 miles/hr, the first going north and the second going 
east. The second crosses the path of the first 10 minutes after the first one was there. At 
what rate is their distance increasing when the second has gone 10 miles beyond the crossing 
point? 

2E-4 Sand is pouring on a conical pile at a rate of 12 m3 per minute, in such a way that 
the diameter of the base of the pile is always 3/2 the height. Find the rate at which the 
height is increasing when the pile is 2 m tall. 

2E-5 A person walks away from a pulley pulling a rope slung over it. The rope is being 
held at a height 10 feet below the pulley. Suppose that the weight at the opposite end of 
the rope is rising at 4 feet per second. At what rate is the person walking when s/he is 20 
feet from being directly under the pulley? 

2E-6 An airplane passes directly over a boat at a height of 2 miles. The plane is going 
north at 400 mph and does not change its altitude. The boat is going west at 50 mph. How 
rapidly is their distance from each other increasing after one hour? 

2E-7 A trough is filled with water at a rate of 1 cubic meter per second. The trough has 
a trapezoidal cross section with the lower base of length half a meter and one meter sides 
opening outwards at an angle of 45* from the base. The length of the trough is 4 meters. 
What is the rate at which the water level h is rising when h is one half meter? 

2E-8 One ship is sailing east at 60km an hour and another is sailing south at 50km an 
hour. The slower ship crosses the path of the faster ship at noon when the faster ship was 
there one hour earlier. Find the time at which the two ships were closest to each other. 

2E-9 A girl slides down a slide in the shape of the parabola y = (z - 1)2 for 0 < z < 1. 
Her vertical speed is dy/dt = -y(l - y). Find her horizontal speed dz/dt when y = 1/2. 

2E-10 Oil spreads on a frying pan so that its radius is proportional to tl/2, where t 
represents the time from the moment when the oil is poured. Find the rate of change dT/dt 
of the thickness T of the oil. 

2F..Locating zeros; Newton's method 

2F-1 a) Graph the function y = cos x - x. Show using y' that there is exactly one root to 
the equation cos = x, and give upper and lower bounds on the root. 

b) Use Newton's method to find the root to 3 decimal places. 

c) Another way to find the root of cos = x is to use what is called the fixed point 
method. Starting with the value z1 = 1, press the cosine key on your calculator until the 
answer stabilizes, i.e., until z,+, = cos z,. How many iterations do you need until the first 
nine digits stabilize? Which method takes fewer steps? 

2F-2 Graph the function 

y = 2x - 4 + - oo < z < oo
(x - 1)2 

In particular, count how many times y vanishes. (In math ja'rgon, "vanishes" means y = 0, 
not y -+ oo. Another name for the values of x at which y = 0 is "the zeros" of y.) Give 
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S. SOLUTIONS TO 18.01 EXERCISES 

2D. More Max-min Problems 

2D-3 The milk will be added at some time t1, such that 0 < tl 5 10. In the interval 
0 < t < tl the temperature is 

y(t) = (100 - 2 0 )e
- -(t0)/1+ 20 = 80e -t/1 + 20 

Therefore, 
Ti = y(t1) = 80e-i/10 + 20 

We are adding milk at a temperature T2 = 5, so the temperature as we start the second 
interval of cooling is 

T + 72 + 18 + 
10 10 2 

Let Y(t) be the coffee temperature in the interval tl < t < 10. We have just calculated 
Y(ti), so 

- (t- t 10o - 0Y(t) = (Y(tl) - 20)e )/ + 20 = (72e t/1 - 1.5)e-(t-tl)/l1 + 20 

The final temperature is 

T = Y(10) -= (72e- /10 - 1.5)e- (10- '/1) + 20 = e- (72 - (1.5)el/1o) + 20 

We want to maximize this temperature, so we look for critical points: 

dT (1.5/10e)etl/1o < 0
dt1 

Therefore the function T(ti) is decreasing and its maximum occurs at the left endpoint: 
ti =0..


Conclusion: The coffee will be hottest if you put the milk in as soon as possible. 

2E. Related Rates 

2E-1 The distance from robot to the point on the ground directly below the street lamp is 
z = 20t. Therefore, z' = 20. 

z + y = (similar triangles) 30 

5 

Therefore, x Y 

(2' + y')/30 = y'/5 - y'=4 and (z+ y)' = 24 

The tip of the shadow is moving at 24 feet per second and the length of the shadow is 
increasing at 4 feet per second. 
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2. APPLICATIONS OF DIFFERENTIATION


2E-2 
tan =- and dO/dt = 3(2r) = 6r 

with t is measured in minutes and 0 measured in radians. The.light makes an angle of 600 
with the shore when 0 is 30* or 0 = r/6. Differentiate with respect to t to get 

(sec' 0)(dM/dt) = (1/4)(dx/dt) - . x1 y 

Since sec2 ( r/6) = 4/3, we get dx/dt = 32w miles per minute. shoreline 

2E-3 The distance is x = 10, y = 15, x' = 30 and y'= 30. Therefore, 

((z2 +y2)1/2) 	 = (1/2)(2x' + 2yy')( 2+ y)- 1/2 

= (10(30) + 15(30))/,102 +-152 

= 150/vl'3miles per hour 

2E-4 V = (r/3)r2h and 2r = d = (3/2)h implies h = (4/3)r. 

Therefore, 
V = (r/3)r 2h = (41r/9)r s 

Moreover, dV/dt = 12, hence 

dV dVdr (d = (4 r/3)r2(12) = 162rr2.	 h= (4/3)r- Tt dt r dt 

dV
When h = 2, r = 3/2, so that = 36irm'/minute. r r 
2E-5 The information is 

x2 + 102 =z2, 2 '=4 

We want to evaluate x' at x = 20. (Derivatives are with 
respect to time.) Thus 

2zz' = 2zz' and z2 = 202 + 102 = 500 

Therefore,	 -- 9

z' = (zz')/z = 4V5"0/20 = 2V5 Z 12 

2E-6 x' = 50 and y' = 400 and 
z2" z 2 + Y2 + 22 

yboat 
The problem is to evaluate z' when x = 50 and y = 400. Thus boat 

2zz' = 2xx' + 2yy' -= z' = (zz' + yy')/z 

and z = /502 + 4002 + 4 = 1 So z' 403mph..162504.= 162500/v'162504 ; 

(The fact that the plane is 2 miles up rather than at sea level changes the answer by only 
about 4/1000. Even the boat speed only affects the answer by about 3 miles per hour.) 



S. SOLUTIONS TO 18.01 EXERCISES


2E-7 V = 4(h 2 + h/2), V' = 1. To evaluate h' at h = 1/2, 
h 1/2 h 

1 = V' = 8hh' + 2h' = 8(1/2)h' +2h' = 6h' 

Therefore, crou-sectiaal area= h ;h2 

h' = 1/6 meters per second 

2E-8 x' = 60, y' = 50 and a = 60 + 60t, y = 50t. Noon is t = 0 and t 
is measured in hours. Tb find the time when z = VF+y2 is smallest, we z 
may as well minimize z2 = z2 + y2. We know that there will be a minimum x 
at a critical point because when t -+ foo the distance tends to infinity. 
Taking the derivative with respect to t, the critical points satisfy 

2xz' + 2yy' = 0 

This equation says 

2((60 + 60t)60 + (50t)50) = 0 -= (602 + 502)t = -602 

Hence 
t = -36/61 ; -35min 

The ships were closest at around 11: 25 am. 

2E-9 dy/dt = 2(x - 1)dx/dt. Notice that in the range x < 1, x - 1 is negative and so 
(z - 1) = -V/. Therefore, 

dx/dt = (1/2(x - 1))(dy/dt) = -(1/2,yj)(dy/dt) = +(V)(1 - y)/2 = 1/4V 

Method 2: Doing this directly turns out to be faster: 

z =1 - = dc/dt = 1 - (1/2)y-'/ 2dy/dt 

and the rest is as before. 

2E-10 r = Ctl/2. The implicit assumption is that the volume of oil is constant: 

Wr2T = V or r2T = (V/7) = const 

Therefore, differentiating with respect to time t, 

(r2T)' = 2rr'T+ r 2T' = 0 T'=V -2r'/r 

But r' = (1/2)Ct- 1/2 , so that r'/r = 1/2t. Therefore 

T' = -i/t 

(Although we only know the rate of change of r up to a constant of proportionality, we can 
compute the absolute rate of change of T.) 
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