
E. 18.01 EXERCISES 

reasons, based on the sign of y', that the zeros you have found must be there and that 
there cannot be any more. (For example, "There mriust be exactly one zero in the interial 
(-oo, -1) because ;...") 

2F-3 Same problem as 2 for y = x2 + x-1 

2F-4 The equation A5 - = ( - 1)( 2 + 1) = 0 has three roots, x = 0, 1, -1. How many 
roots does the equation x5 - x - 1/2 = 0 have? 

2F-5 a) Find an initial value xl for the zero of x - sx = 0 for which Newton's method gives 
an undefined quantity for X2. 

b) Find an initial value xl for the zero of - x3 -=0 such that Newton's method 
bounces back and forth between two values forever. Hint: use symmetry. 

c) Find the largest interval around each of the roots of z-_ s = 0 such that Newton's 
method converges to that root for every initial value zl in the interval. Hint: Parts (a) and 
(b)should help. 
2F-6 a) Suppose that a company manufacturing cylindrical beakers (of uniform thickness 
on the bottom and the sides) is willing to use up to 10 percent more glass than the minimum 
required to hold a particular volume. What proportions are permitted? (You will need to 
use Newton's method.) 

b) What is the connection with Problem 2C-5? 

2F-7 Find the point of the curve y = cos x closest to the origin. (Minimize the square of 
the distance to the origin; prove you've found all the critical points.) 

2G. Mean-value Theorem 

2G-1 For each of these functions, on the indicated interval, find explicitly the point c whose 
existence is predicted by the Mean-value Theorem; if there is more than one such c, find all 
of them. Use the form (1). 

(a) xa on [0,1] • (b) Inz on [1, 2] (c) z3 -z on [-2,2] 

2G-2 Using the form (2), show that 
(a) sinx < x, if x > 0 (b) V/ < 1 +l /2 ifx>0. 

2G-3 The Mass Turnpike is 121 miles long. An SUV enters at the Boston end at noon and 
and emerges at the west end at 1:50. Prove that at some moment during the trip it was 
speeding (i.e., over the 65 mph limit). 

2G-4 A polynomial p(z) of degree. n has at most n distinct real roots, but it may have 
fewer - for instance, x2 + 1has no real roots at all. However, show that ifp(s) does have 
n distinct real roots, then p'(Q) has n - 1 distinct real roots. 

2G-5 a) Suppose f"(z) exists on an interval I and f(s) has a zero at three distinct points 
a < b< c on I. Show there is a pbint p on [a, c] where f"(p) = 0. 

b)mustrate part (a)on the cubic f(s) = (x- a)(x - b)(x - c). 

2G-6 Using the form (2) of the Mean-value Theorem, prove that on an interval [a,b],


a) f (s)> 0 = f() increasing; (b)f'(s) = 0 f(s) constant.
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2. APPLICATIONS OF DIFFERENTIATION 

2G-7* In what follows, use the following consequence of the Mean-value Theorem: 

if f(a) _ g(a) and f'(z) > g'(z) for all x > a, then f(z) > g(r) for all x > a. 

a) Starting with e" > 0, show that for all z > 0, we have ex > 1. 

b) Use the same method as in part (a) to show that e" > 1+ z, and then from this 
deduce that el > 1 + x + 2/2. 

Remark This process can be continued. In the limit it leads to the infinite series which 
represents ew: 

2 2 	 s 
a 

e" =1+z+ +i +--.
2! 3! 

This infinite series can be used to define el, and it is a good way to compute it to high 
accuracy. 

c) Show that for each number n > 0 

nzl/n < ln± forz>1 

2G-8* An analogous principle to the one in 2G-7 can be used if z < a: 

if f(a) > g(a) and f'(z) < g'(z) for all z < a, then f(x) > g(z) for all zx a. 

(Why did the inequalities get reversed when x < a? Draw a graph to see.) 

Use this principle with f () = In z and a = 1 to show that 

-Inz>-na• /l for0<z<1, n>0. 



2. APPLICATIONS OF DIFFERENTIATION 

2G. Mean-value Theorem 

2G-1 a) slope chord = 1; f'(z) = 2z = f(c) = 1 if c = -.1 
2 

1 	 1
b) slope chord = ln2; f'(z)=- f'(c) = ln2 if c = . 

z In2 
f (2) - f (-2) 6-(-6)

c) for xz - z: slope chord = f ( -2) - - 3;
2-(-2) 4 

f'() =3z2 - 1 = f'(c)=3c 2-1 = 3 = c = + 

From the graph, it is clear you should get two values for c. (The 
axes are not drawn to the same scale.) 

2G-2 a) f ()= f(a)+ f'(c)(z - a) ; Take a= 0; f () = sinz, f'() = cos 

= f(z)=0+cosc.z =, sinz<z (sincecosc<lfor0<c<27r) 

Thus the inequality is valid for 0 < z <_ 2r; since the function is periodic, it is also valid 
for all z> 0. 

d 1 1 1b) V1+ = 1 V = 1+ z <1+-i, since c > 0. 
ds 2V 	 2 

121
2G-3. Let s(t) = distance; then average velocity = slope of chord = = 66. 

Therefore, by MVT, there is some time t = c such that s'(c) = 66 > 65. 

(An application of the mean-value theorem to traffic enforcement...) 

2G-4 According to Rolle's Theorem (Thm.1 p.800: an important special case of the M.V.T, 
and a step in its proof), between two roots of p(z) lies at least one root of p'(x). Therefore, 
between the n roots al,... ,an of p(z), lie at least n - 1 roots of p'(z). 

There are no more than n - 1 roots, since degree of p'(z) = n - 1; thus p'(z) has exactly 
n - 1 roots. 

2G-5 Assume f(z) = 0 at a,b,c. 

By Rolle's theorem (as in MVT-4), there are two points qi, q2 where f'(qi) = 0, f'(q2) = 0. 

By Rolle's theorem again, applied to q, and .q2 and f'(z), there is a point p where 
f"(p) = 0. Since p is between qj and q2 ,it is also between a and c. 

2G-6 a) Given two points zi such that a < zl < z2 < b,we have 

f'(z2) = f(ZX) + f'(c)(Z2 - Xz), where zl < c < z2. 

Since f'(x) > 0 on [a,b], f'(c) > 0; also z2 - zl > 0. Therefore f(z 2 ) > f(xi), which 
shows f(z) is increasing. 

b) We have f () = f(a) + f'(c)(z - a) where a < c < z. 

Since f'(c) = 0, f(z) = f(a) for a < x < b, which shows f(s) is constant on [a, b]. 
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